We present scattering cross sections σscatt of ultracold neutrons (UCN) in liquid deuterium at T = 20.6 K, as recently measured by means of a transmission experiment. The indispensable thorough raw data treatment procedure is explained. A calculation model for coherent and incoherent scattering in liquid deuterium in the hydrodynamic limit based on appropriate physical concepts is provided and shown to fit the data well. The applicability of the incoherent approximation for UCN scattering in liquid deuterium was tested and found to deliver acceptable results.
I. INTRODUCTION
Liquid deuterium is used as a moderator for thermal neutrons in cold neutron sources at neutron research facilities (e.g., Forschungsneutronenquelle Heinz MaierLeibnitz (FRM II) 1 in Garching, Germany, and Institut Laue-Langevin (ILL) 2 in Grenoble, France). They are operated at around 25 K and deliver a cold neutron spectrum with a mean neutron kinetic energy of 2.2 meV. Their output spectrum can be more accurately calculated when using an extension of the scattering data down to the ultracold neutron (UCN) range. Scattering cross section measurements in liquid deuterium have been performed for thermal and cold neutrons 3 , as well as for very cold (VCN) and ultracold (UCNs) neutrons 4 . However, there appears to be no comprehensive raw data treatment for transmission experiments, especially in the UCN range, so far described, and no theoretical model yet to explain the scattering cross section behavior. The research presented here proposes both a raw data treatment and a theoretical explanation of the scattering cross sections 5 .
UCNs are neutrons slow enough to be reflected from suitable materials under any angle of incidence. This allows for their confinement in material bottles, which significantly increases interaction and observation times. Typically, UCNs are defined to have a kinetic energy of ∼ 350 neV or less. In our research, neutrons with an energy lower than 1000 neV are regarded as ultracold, for this is the maximum energy of the neutron spectrum supplied by the UCN source ("turbine") at ILL 6, 7 . UCNs are used predominantly in the study of fundamental physics principles, such as the free-neutron lifetime 8 , the search for a possible nonzero neutron electric dipole moment (nEDM) 9 , and the validity of Newton's law of gravity on the micrometer scale. The former two experiments are valuable tools to test the standard model of particle physics and its extensions or even to discover physics beyond the standard model. Another research project benefiting from the use of UCNs is the measurement of the neutron β-decay asymmetry 10 , which helps us to understand the spin and flavor structure of the nucleon. At present, statistics are the main limiting factor of these experiments. Significantly higher UCN fluxes will allow a considerable increase of these experiments' accuracy. To date, ILL's turbine is the most intense UCN source, while solid deuterium converters are promising to increase the maximum possible flux in the near future 11, 12 . For further references and the history of UCN science, see the books of Ignatovich 13 and Golub 14 .
II. EXPERIMENTAL SETUP
Due to the nuclear spin of the deuteron (I=1) the homonuclear diatomic deuterium molecule exists in two symmetry configurations (also called species) -ortho (with an even rotational quantum number J) and para (odd J) 15 . In order to suppress neutron upscattering from the rotational relaxation J=1→0, the ortho-deuterium concentration was maximized (i.e., to c o 0.98) in previous experiments examining the viability of deuterium and deuterated substances as UCN converters 4, 16, 17 . In our experiment we used enriched ortho-deuterium with c o = 0.80, which was prepared in an Oxisorb ® converter (CrO 3 -based) in residence mode at about 20 K, similar to the one described by Bodek et al.
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In the converter, chromium trioxide CrO 3 bonded to silica gel provides paramagnetic centers and thus magnetic field gradients, which catalyze the otherwise slow conversion towards the low-temperature equilibrium.
The experiment described here is a pure transmission experiment; the direction of the momentum transfer is not being determined. The experiment yields the total cross section σ tot of liquid deuterium through the following equations
(1)
where I is the UCN count rate at the detector (with the subscript vacuum for vacuum in the sample cell and filled with liquid deuterium), d is the sample cell thickness, and N V the number density of deuterium molecules. The condition Σ tot d < 1 must be met in order to reduce multiple scattering and not to distort the single scattering cross section, which is measured in this experiment. Our sample environment, see Fig. 1 , was set up for a time-of-flight (TOF) experiment at the PF2-EDM beamline at ILL Grenoble, see Fig. 2 . The sample cell consisted of an aluminum alloy (AlMg3) torus closed by two windows machined from aluminum (AlMg3, 0.3 mm thick). The windows faced the UCN beam direction. This resulted in a disk-shaped liquid deuterium sample of 40 mm diameter and 3 mm thickness. Indium wire was used as a cryogenic sealant. Placed inside a vacuum cylinder, the sample cell was cooled by a Sumitomo closed-cycle liquid-helium cryostat (1.5 W at 4 K) from below and the deuterium was inserted through a feed line on its top. A resistive heater in the base of the sample cell was used for sample temperature control. The two thin-film resistance temperature sensors were located inside the torus immediately above and below the sample volume, respectively. Due to the design of the sample cell, the temperature gradient across the cell was ∆T = ±1.6 K for liquid deuterium. The minimum possible sample temperature was ∼ 13 K. The incoming UCN beam was collimated by a polymethyl methacrylate (PMMA) disk (70 mm diameter, 6 mm thickness) with 829 holes of 1 mm diameter each. After the collimator, the UCNs passed the sample cell and then the chopper. The latter was custom designed and consisted of two movable polyethylene grids with a trapezoidal opening function of 7 ms FWHM and was operated in vacuum at 8 Hz (about 1/16 duty cycle). A trigger actuated the chopper and synchronized it with the detector. The total flight path inside a tube coated with polyethylene on the inside was 263 mm long. A CAS-CADE detector 19 (based on 10 B) with around 90 % detection efficiency for UCNs was mounted at the end of the experimental setup. The detector was continuously flushed with an Ar-CO 2 (90:10) gas mixture under ambient pressure and an acceleration voltage of 1200 V was applied.
III. THEORETICAL FRAMEWORK
Up until now, theoretical models of coherent and incoherent scattering of slow neutrons in deuterium have been based on semi-empirical models of the scattering law S(q, ω); for an example see Bernnat et al. 20 . Here we interpret these cross sections using scattering laws purely based on the properties of liquid deuterium for both the ortho and para spin configurations. Neutron scattering can be coherent or incoherent. The two can be separately described and contribute to the cross section.
These double-differential cross sections have to be integrated over the kinematic region in order to obtain ef-fective scattering cross sections:
where q 1,2 (E) are the two parabolas marking off the kinematic region in the q − E plane, see Fig. 3 :
FIG. 3. Graphic representation of the kinematic region (between the red (lower) and blue (upper) parabolas) for incident neutron energy E0 = 1 µeV.
A measure to assess the quantum behavior of light liquids is the dimensionless de Boer quantum delocalization length 23 Λ,
where a is the mean nearest-neighbor separation (a nn = N V −1/3 ≈ σ HS ), σ HS is the molecular hard-sphere diameter of the deuterium molecule 24 (2.95Å), and λ de Broglie is the thermal de Broglie wavelength of the deuterium molecule. For a classical particle Λ 1, that is to say, the thermal de Broglie wavelength is small compared to the geometrical diameter of the particle 25 . For deuterium Λ = 0.66. So, deuterium can generally be regarded as a classical liquid with some quantum effects. For rotational excitations in molecules there is an additional measure to assess quantum behavior: Θ rot T , where Θ rot = 2 /2Ik B with I being the molecular moment of inertia. Classical behavior is assumed when Θ rot T holds true. For deuterium Θ rot = 22.0 K, hence Θ rot ≈ T = 20 K. This points to a largely quantummechanical behavior of the rotator states of liquid deuterium. Therefore, we will consider deuterium to be a classical liquid for the translational degrees of freedom, i.e., diffusion and phonon excitations, but with a quantum-mechanical description of the rotational states.
A. Coherent scattering law
Coherent scatteringS coh (q, ω) in our model is based on the hydrodynamic limit (HDL) 25, 26 , with the speed of sound showing the known q-dependent dispersion in liquids, see Eq. B6.
A detailed treatment of the double-differential scattering cross sections is presented in Appendix A and the scattering laws are described in Appendix B.
B. Incoherent scattering law
For the incoherent scattering lawS inc (q, ω) we chose the incoherent Lovesey model 27 . In the quasi-elastic region the incoherent Lovesey model is in good agreement with a simple Lorentzian (which represents only self-diffusion), while it properly describes the incoherent phonon contribution in the meV range. Phonons are important in our case, as the integration over the kinematic region, see Eq. 4, extends up to Ω E (Ω E is the Einstein frequency of the liquid), which is of the order of 10 meV in liquid deuterium.
C. Rotational states
The deuterium's rotational state is described as a nearly free quantum-mechanical rotator by a Gaussian shaped scattering lawS rot with a half width at half maximum (HWHM) of 0.45 meV for the J=1→0 relaxation 28 . Since the rotational relaxation J=1→0 upon impact of a neutron is an incoherent scattering process 29 , we again use the incoherent Lovesey model for the translational part of the scattering law. The two scattering laws need to be convolved in order to yield the correct scattering lawS inc rot =S inc Lovesey ⊗S rot in the liquid state. We approximate the Gaussian as a delta function, because it has a significantly smaller HWHM than the quasi-elastic diffusion peak. The convolution of this peak and a delta function, however, results in that very same diffusion peak. So, as a good approximation we can simply use the incoherent Lovesey model to calculate the J=1→0 scattering cross section. The energy E will be shifted by the rotator energy 30 ω 10 of -7.4 meV:
Most research uses the simplifying approach of the incoherent approximation 31, 32 , replacing the coherent scattering law S coh (q, ω) in Eq. 3 with the incoherent one and using σ tot = σ coh + σ inc . In the liquid state, σ coh has to be weighted with the structure factor S HS (q) to include the microscopic structure of the liquid,
(11) The structure factor S HS (q) in this case is that of the Percus-Yevick approximation 33 . It describes the center of mass structure factor of liquid deuterium using the hard-sphere diameter σ HS and agrees well with experimental data 34 in the low-q region. The total cross section of UCNs in liquid deuterium measured in our experiment is composed of the scattering contributions from ortho-and para-deuterium, as well as absorption. The latter has to be corrected for in order to compare the experimental data with theory:
where c o and c p are the ortho-and para-deuterium concentrations. Here, σ JJ denotes the initial (J) and final (J ) rotational state of the molecule in the scattering process.
IV. DATA TREATMENT
The Cascade detector control program provided files containing time-resolved (0.4 ms per time channel) and spatially resolved (8×8 pixels of 1 cm 2 each) counts, which were summed up over all pixels to obtain the final TOF spectrum, normalized to one measurement run of 120 s. The UCN time-of-flight spectra were then fitted using a constant background and two Gaussians (double Gaussian). The R 2 value of the relevant fits was between 0.96 and 0.98. The constant background extracted from this fit was subsequently subtracted from each measured TOF spectrum (of both empty and filled sample cells), which was then used for further calculations and data correction. About 80 % of the entire neutron count proved to be background, caused entirely by up-scattered (thermal) neutrons emanating from the PMMA collimator at room temperature. The average UCN count over the entire UCN spectrum was 650 per measurement run of 120 s. The TOF spectrum was subdivided into bins of 16 time channels each. The mean time channel number was then converted into neutron velocity and, subsequently, into neutron energy.
A deconvolution of the TOF spectrum to remove the influence of the chopper was not required, because the chopper opening time of 7 ms (FWHM) is very close to the time bin width of 6.4 ms.
Before proceeding with the calculation of the scattering cross sections, the raw data spectrum had to be corrected for reflection and transmission on interfaces as well as for multiple scattering. We believe these two corrections are indispensable for obtaining physically correct cross sections in the UCN regime.
A. Quantum-mechanical correction
The quantum-mechanical (QM) correction takes into account reflection losses at the interface between two different potentials and provides the corrected transmission through the sample cell 35 . The potential of the substance through which the neutrons travel, has a real and an imaginary part. The latter accounts for absorption and inelastic scattering of UCNs and is so small that it can be considered negligible. Transmission through a potential interface and the reflection from it are described by
and
where k is the wave vector of the incident neutron outside the potential wall (i.e., the deuterium sample), and k is the neutron wave vector inside the potential wall. The total reflection ρ and transmission τ through the entire potential wall can be calculated from
where α = exp(−σ tot N V d) is the attenuation coefficient. It describes the decreased neutron count depending on the total cross section and the thickness of the sample. The experimental transmission is then corrected as follows:
This equation is numerically solved for α QM corr , which represents the quantum-mechanically corrected experimental transmission,
i.e., as if no reflection losses had occurred at the potential interface.
B. Multiple scattering correction
The corrected transmission α QM corr is then used in the multiple scattering (MS) correction. From Fig. 4 it becomes clear that the quantum mechanical correction has an effect only for very slow neutrons with energies below 200 neV, which is close to the optical potential (also called the Fermi potential) of liquid deuterium at 20.6 K, V F = 88.5 neV (obtained from theoretical calculations 36 ). For reasons of simplicity the QM correction was carried out only for the potential barrier vacuum-deuteriumvacuum, neglecting the aluminum sample cell windows. After a more thorough calculation for the vacuumaluminum-deuterium-aluminum-vacuum potential 37 , it was found that neglect of the aluminum barrier results in a final cross-section error of only 1 %-2 %. Multiple scattering cannot be avoided, because the criterion Σd < 1 can hardly be met in a UCN transmission experiment in liquid deuterium with Σ of the order of 3 cm −1 . Thus, even in very thin samples, such as ours, multiple scattering occurs and has to be corrected for. In this step we use the count ratio corrected for QM effects (superscript QMcorr ) from Eq. 18 and calculate the count ratio corrected for multiple scattering (superscript 1 ). Sears' theory of multiple scattering 38 , which we think provides the best tool for this case, yields the single-scattering cross section σ 1 :
where ∆ denotes the ratio of multiple (n ≥ 2) to single scattering,
Equation 20 needs to be solved numerically for σ 1 . As δ(Σd), see Eq. 22, ceases to yield reliable results for Σd ≈ 1 38 , we used this formula only up to Σd = 0.7, i.e., for energies down to E kin = 430 neV. We then linearly extrapolated the smoothly decreasing correction factor (which equals the MS-corrected ( ) scattering cross section over the QM-corrected ( ) scattering cross section, see 
V. RESULTS AND EXPERIMENTAL CROSS SECTIONS
Neutron kinetic energies are given as in-medium energies. Therefore, the Fermi potential of liquid deuterium was subtracted from the kinetic energy measured with the TOF geometry E in medium = E kin − V F . Figure 5 shows the corrected experimental data and the calculated model for the 80 % ortho-and 20 % paradeuterium mixture from our experiment at 20.6 K. It is obvious that our model and experimental results overlap almost completely.
As can be seen in It is worth noting that both data sets independently show a peak around E kin = 170 neV, which has not been noticed previously. It stems very probably from the hyperfine splitting (hfs) of the ground state of the deuterium molecule. While there are apparently no published experimental hfs data for deuterium, data are available for the hydrogen molecule, which exhibits a low-lying hfs of 1008 neV (244 MHz) 40 . Scaling this value with the ratio g D /g P = 0.15 -where g D,P are the molecular g-factors of the deuteron and the proton, respectively -we arrive at an estimated hfs of 150 neV for the deuterium molecule. Hence, the peak in question, see Figs. 5 and 6, may represent the lowest-lying internal inelasticity of the deuterium molecule, which is due to hfs of its ground state. A possible quadrupole shift is negligible in deuterium molecules due to the marginal quadrupole interaction energy of 0.93 neV 41 . The comparison between the exact calculation of the coherent and incoherent scattering cross sections for liquid ortho-deuterium on the one hand and the incoherent approximation (see Eq. 11) on the other shows that the latter does provide acceptable results. Its scattering cross sections lie 7 % below those of the exact model for E kin = 100 neV and become even more accurate with higher neutron energies, as is shown in Fig. 7 .
FIG. 7.
Liquid deuterium (co = 1.0) scattering cross sections for T = 19 K using our exact model (black triangles ) and the incoherent approximation (red circles ).
VI. CONCLUSIONS
The models for coherent and incoherent scattering in liquid deuterium developed in this work possess the correct 1/v behavior in the UCN limit. They are in excellent agreement with our experimental data and in acceptable agreement with the experimental data from Atchison et al. for the respective temperatures. It is worth noting that the models do not contain any free scaling parameters, but yield the scattering cross sections on an absolute scale. The experimental data were properly evaluated and the relevant corrections for quantummechanical transmission and multiple scattering were applied.
When comparing the exact models with the commonly used incoherent approximation, it was found that the latter holds true for liquid deuterium at low temperatures. The incoherent approximation proved to be quite accurate with a scattering cross section only 7 % below our exact model for E kin = 100 neV and an even better agreement for higher neutron energies.
Future investigations into this matter will first have to verify the deuterium self-diffusion coefficient D s , since the literature value has to be used with caution. A reliably measured self-diffusion coefficient would serve as a means to validate our incoherent model.
Due to the surface roughness of the sample cell's aluminum windows, some boundary effects may have arisen from the interaction of deuterium with the surface texture or with the crystal structure of the aluminum windows. This might have reduced UCN transmission.
The models provided here are viable tools for the calculation of liquid deuterium scattering cross sections for arbitrary ortho-and para-concentrations at low temperatures from UCN energies up to the meV range. They are easily applicable to liquid hydrogen as well.
Appendix A: Cross sections
According to theory 21, 22, 29 , the bound nuclear scattering cross sections per deuterium molecule, which will later be used in conjunction with scattering laws to calculate the total scattering cross section for deuterium in the liquid state, are The values for the bound scattering lengths b coh and b inc were taken from V. F. Sears 42 . Note that, for instance, the molecular σ inc 00 is not simply the incoherent scattering cross section of one deuteron multiplied by two. It is larger than that, due to the interference of incoherently scattered neutron waves from both spincorrelated atoms within the same molecule.
Deuterium is a homonuclear diatomic molecule and looks like a dumbbell. Squared Bessel functions describe the symmetry of the deuterium molecule's wave function for different rotational states (J,J ) and act as form factors of the molecule. They account for the equilibrium separation of the deuterons in the molecule a = 0.74Å and have to be multiplied by the nuclear scattering cross sections, see Eqs. A3 to A5, depending on the rotational transition of the deuterium molecule:
For liquid deuterium the scattering cross sections are quasielastic (qel ) and inelastic (±1ph, 0ph/-1rot). The 0ph/-1rot process (rotational relaxation without phonon creation) scatters the neutron inelastically, because it receives all of the roton energy 29 . The double-differential cross sections, which are subsequently inserted into Eq. 4, are calculated as follows
In Eqs. A3 to A5, the factor e ω 2k B T is the asymmetry factor 43 , which connects the symmetrical modelS(q, ω) with the physically correct scattering law S(q, ω). It suppresses the respective scattering lawS(q, ω) on the lower half-plane of the kinematic region in Fig. 3 :
In this experiment we have to deal with deuterium only in its ground state (ortho "00," para "11," and the rotational transition "10"), because higher energy levels are not populated at temperatures as low as 20 K. For example, the J=2 ortho-state (ω 20 = 22.2 meV), which could relax into the J=1 para-state, has a population of
and need not to be considered. The UCNs on the other hand have too little kinetic energy to excite the deuterium molecules. 
The HDL model 25 is used to calculate the coherent scattering contribution. For the derivation see Landau .
The accuracy of the equation above can be checked by inserting T = 20 K and S(q→0) = 0.063 from Zoppi 34 . c s (q→0) = 1090 m/s compares excellently to c s = 1060 m/s at the same temperature 30 . The phonon half width at half maximum (HWHM) ω 1,2 (q) is given by Γ(q)q 2 . This quantity is taken from the coherent Lovesey model 46 . Thus we plug into Eq. B5 
and the relaxation time τ L (q) is taken from Lovesey 46 .
